I. Introduction
his paper presents a research that is further described in [1] . Its objective is to propose and to investigate an unsteady aerodynamic model with state equation representation and valid up to the high angle of attack regime with the purpose of evaluating it as computationally affordable model to be used in conjunction with the equations of motion to simulate wing rock. The aerodynamic forces can be fully described only by the Navier-Stokes equations. At the present time computational methodology and computer power are still not quite adequate to provide time accurate solutions to the Navier-Stokes equations in the Flight Dynamics simulation environment. For this reason, more practical and simpler methods for the determination of the aerodynamic forces that could be used in conjunction with the equations of motion have been searched. These methods can be divided into physical and functional modeling methods. Physical modeling methods for the aerodynamic forces are those directly derived from the very first physical principles through the simplifications of the Navier-Stokes equations. The multi-axis model 2 chosen in this report to represent the unsteady aerodynamics of the whole airplane assumes the decomposition of the airplane into lifting surfaces or panels that have their particular aerodynamic force coefficients modeled as basic unsteady aerodynamic state-space models 3 . These coefficients are summed up to find the total aircraft force coefficients. The products of the panel force coefficients and their moment arms with reference to a given axis are summed up to find the global aircraft moment coefficients. The state equations formulation proposed here to represent the basic unsteady aerodynamic model of each single lifting surface are functional approaches to modeling aerodynamic phenomena, not directly derived from the physical principles of the problem. It is thought to have advantages with respect to the physical modeling methods mainly because of its lower computational cost involved in the calculations while still keeping some ability to represent the dynamic behavior. It has advantages over the previous functional, state space formulations because of its three internal state variables that allow a better consistency with the physics of the flow.
II. Proposed Unsteady Aerodynamic Formulation
For the wing rock limit-cycle oscillations to happen, the rolling moment coefficient must laterally destabilize the wing at small roll angles and stabilize it at their bigger values 4 . The fluid mechanisms that do it and sustain the limit-cycle oscillations involve time lag in vortex core position and strength 5 . In the present model, we propose to match these effects with a basic unsteady aerodynamic model that represents the variation of the panel normal lifting forces with the strength and vertical position of the vortex core vertical position in function of the panel roll angle. Therefore, in this formulation, the panel normal lifting forces are modeled to be functions of both the angle of attack and the roll angle. Since the wing rock oscillations of this type of configuration are strongly related to the movement of the leading edge vortices, we conceive these functions by assuming that the spanwise positions of the points of application of the panel normal lifting forces coincide with the vortex core positions. Therefore, the spanwise nondimensional body-axes coordinates of state variable, associated to the effects of both the vortex strength and the vortex core vertical position ( ) t z i , is still added to the system. Therefore, the basic unsteady aerodynamic model proposed here is, in its most general form, composed by the state equations of the above mentioned state variables and the observer equations that outputs the values of the airplane rolling moment and normal force coefficients. The airplane force coefficients are the summation of the coefficients of each lifting surface panel that the airplane is split into. The state equations are the first-order differential equations (1) (4) and (5) In this postulated model, the equations used to represent the unsteady aerodynamics for general flight conditions in each panel of the airplane are:
where the subscript i stands for the considered lifting panel, i.e., i = l (left) , r (right).
The value of the normal force coefficient for the whole slender delta wing is found through Eq. (5). 
being the distance to the rotation axis where the local aerodynamic angle must be determined, and i = l, r.
i l
With the help of the formulation described in Ref. [6] , the system composed by the Eqs. (1) to (4) is unfolded to Eqs. (9) to (12):
On the right hand side of the above equations are the functions that represent the static dependencies. They are written this way because we want this model capable of representing also static hysteresis, whenever it occurs. In
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Eq. (9), we have that 
for the given time histories of angles of attack being a time-delay-constant related to vortex burst location. Equation (10) is similar in structure to (9) , and its nomenclature is given as follows, 
is taken as it was developed in Ref. [7] , that is, as an expansion in terms of the angle of attack α and its non-dimensional time-derivative , for the roll angle equal zero: 
The motion variable is the non-dimensional angle of attack rate and t is the characteristic time of the flow defined as:
In Eq. (12),
is the parcel that accounts for the effects of the roll angle at a fixed pitch angle value 0 θ . It is this normal force term that accounts for the effects due to both vortex vertical position and strength. The normal lifting force in a panel gets bigger as the roll angle changes in a way that makes the panel to go down. Also, limitcycle oscillations are sustained by a time lag in vortex core position and strength. In order to make this model capable of handling these variations in a nonlinear way, the panel normal force parcel 
, 5 3 , (15), (16), (21), (22), (23), and (24).

III. Parameter Identification Method
The identification method used here is the minimum mean-square error approach. The models are identified against experimental data in three phases and the squared error is minimized through the multi-objective optimization process. In the two first phases, the parameter identification is done against static experimental data. First, we identify the parameters involved with the determination of the static terms of the normal lifting forces ( ). These parameters are those related to the quadratic polynomials that determine the stability derivatives with respect to the motion variables ( 
When the published values of wind tunnel dynamic measurements at unsteady flow conditions are used to identify the remaining parameters, one roll angle time history
, is taken for each fixed value of the sting pitch angle 
, the error cost-function for the dynamic phase of the identification is In order to describe the complete dynamic system, the rigid body system of equations must be integrated to the unsteady aerodynamic model equations. The aerodynamic model comes to the rigid body equations (36) through the rolling moment coefficient, that is:
As it can be seen in Eq. (6), for the proposed aircraft unsteady aerodynamic model the moment coefficients are obtained by multiplying left and right wing force coefficients by their arms along the corresponding body axis. In order to determine the delta wing motion history, Eqs. (36) are coupled to Eqs. (9), (10), and (11). The dynamic system built this way therefore is composed by the following eight first-order differential equations:
All the dynamic equations (38) 
V. Results
A. Identifications Results
Previously published experimental data are combined and used to identify the parameters of the investigated models. The static data used for the parameter identification are those obtained by Levin and Katz 9 for their slender delta wing model of aspect ratio equal 0.71. Here, we take that wing and assume that it undergoes wing rock for pitch angles in between 22 and 45 degree. It is also admitted to have dynamic behavior during steady state limit cycles similar to experimental data obtained by Nguyen 6 show. The roll attractor is not located at null roll angle, as it was expected from wind tunnel tests like the one whose results are shown on [4] . Also, the amplitude is smaller in the present simulations. We attribute this and other differences between these simulations and the classical wing rock behavior to the scarcity of the published experimental data so far used to identify the parameters. Figures 7 and 8 show the results of the simulation starting at 
VI. Concluding Remarks
By following the guidance of physical properties of the flow observed in previous works, it is proposed a statespace system capable of simulating the wing rock dynamics. In the presented case, a delta wing configuration is split in two panels, and the simulation is carried out for just one degree of freedom. The resulting dynamic system contains two equations of motion plus six internal state equations for the unsteady aerodynamic model, making a grand total of eight first-order differential equations to be simultaneously integrated, which is easier to do than to use a physical method. The simulations in pure roll oscillations revealed that even though it was identified against simulated data based on scarce published experimental results, the model presents the expected qualitative behavior and that the concept is proved as useful to simulate wing rock. American Institute of Aeronautics and Astronautics
